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Section 1 of this supplementary materials contains the additional implementation details
(propensity score estimation in DR estimate and x in DRL estimate). In Section 2, we present
the supplementary theoretical results that complements the conclusions in the main text. The
proofs for main theoretical conclusions are collected in Section 3. In Section 4, we introduce
more noise structures and present results of the nondynamic settings under these noises to
further verify the robustness of our conclusion.

1. Additional Implementation Details.

1.1. Propensity score estimation in DR estimate. Within the framework of spatially
randomized designs, 7, is predetermined and remains unaffected by observational data.
Specifically, under the individual-randomized and cluster-randomized designs, the propen-
sity scores are denoted by 7' and 7°¢, respectively. For the individual-randomized de-
sign, the propensity score for any unit ¢ and its neighbors can be expressed as 7'(a) =
p(1 —p,)te [Tjen [p5 (1 — p;)179]. In the context of the cluster-randomized design, for
units ¢ in a cluster C?, the propensity score simplifies to 7¢(a) = (p))*(1 — p¥))!=*. Con-
versely, for units ¢ on the boundary of a cluster JC;, the propensity score is given by 7¢(a) =

(P9 (1~ p9) =TTy [{1 - Tien: 16 ¢ C) (09" (1 = p®)'=# 4 TTien 160 ¢ Ci)].
This formulation accounts for the complex interplay between the treatment assignments of
interference neighbors and the spatial structure of the clusters.

In the global design framework, we generate a sequence of i.i.d. Bernoulli(p) random
variables denoted by {A7};. For any given time point ¢, we set A;1 = --- = A; g = Af.
This uniform treatment assignment simplifies the propensity score function 7¢ (a|{O; ;};) to
p?(1 — p)1 =9, reflecting the global design’s homogenous treatment distribution. To estimate
ATE under this design, denoted as 77, r» We again leverage the same cross-fitting technique.

1.2. Estimation of | in DRL estimate.. We introduce the estimation method in this sec-
tion. Let O,y = (Ou, IV ™1 Y 1ens Oke) and m, (Ay) = [NJ| 71>, cnr Ake- Recalling the
expression of 11, it is sufficient to estimate w(O,¢) = pa(Out) /ps(O.t). When dealing with
stationary observations, w,; can be estimated

M-1 2
~a __ : a A
& =arg minsup | S AL(w)f(Ones1)|
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where () and F are some function classes, and
A% (w,) = wL(OL,t) {A; = aa_mL(At) —_mL(a)N} . WL(OL,t-H)'
P(ALt =a, mL(At) = mb(a)|OLt)

By further specifying 2 and F as particular function classes, it’s possible to obtain a closed-
form expression for the objective function. This allows for solving the optimization problem
using stochastic gradient descent algorithms or neural networks. As elaborated in Shi et al.
(2022), for high-dimensional O, €} and F can be designated as classes of deep neural net-
works, while for simpler scenarios, linear functions suffice. We model w, as a linear blend of
random Fourier basis functions {b;(O )}t 1> and choose F as the unit ball in a reproducing

kernel Hilbert space (RKHS) characterized by the kernel (01, O3). Assume w, (O) is repre-

sented as Zt 1 Buibi(O D), simplified to Bl b (O ) where || 8.2 = (Zt 153) LZ)1/2 =1.
By Lemma 1 of Shi et al. (2023), §3, ., is the solution to

2 M—1M-1
arg”ﬁunliup Z BT6.f(Ouit1) —argugﬂmlEZ > B76:,6,85(00t, 41, Outat1),
2=l feF T ti=1te=1

where
~ {A,;=a,m,(A) =m,(a ~
(SLt = bw(OLt) { ! — ( t) — ( )~} - bw(OL,t—H)-
P(ALt =a, mL(At) = mb(a)\OLt)
Then, we can estimate 3, ., by

N M-1M-1
BL(.U —argHéI”lln BT {Z Z Z 52Lt151Lt2 Z,L,t1+170i,L,t2+1)} /B‘

i=1 t1=1 t2=1

2. Supplementary Theoretical Foundations. In this section, we present the supple-
mentary theoretical results that complements the conclusions in the main text. All proofs are
deferred to the next section.

2.1. Estimation accuracy in the nondynamic setting. We write ¢ =p(1—p), ¢, = p,(1 —
p,) fore=1,..., R and ) = p(J)(l —p(J)) for j =1,---,m. For the parametric model, we
have the following conclusion for arbitary p, and pU).

THEOREM S.1.  Suppose that CA holds. Recall that n, is the number of interference
neighbors of the 1th region. Let nEJ ) denote the number of interference neighbors of to the (th

region belonging to the jth cluster. Then as N — oo, we have

MSE (79) ZZ Vi

=1v=1

,\Z 1 R n,n, Z AN, 9k
MSE (7 VNZ —V. + NZZ Vit 3 kNN, Oy

t=1VeN, Zk en, Ik 7 t'=1 ZklENL ks Zkgé/\/,/ Tk

1 L . EC VLL Zkﬁé , n(kl)n(ﬂ)
MSE(7%) <+ Z + Z YN : g \2

J=1j'#j1€C; '€0C; Zkz;ﬁ](

(k)

N % i Zm: Z Z Dkt o L)” g 2kt ”Ek)kzkm ny

J1=1j2=11€08C;, V'€8C;, Zk;ﬁ] ( ) q®) 37, ;AjQ(nE/))Qq(k)

where an =< by means that ay /by — 1 as N — oo.
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For the nonparametric learning, the following theorem holds for p, = pU) = p where 0 <
p<l1.

THEOREM S.2.  Suppose that CA holds and p, = p\9) = p for any v and j. Then, we have
R R

gy 1 1 Ry
MSE(T%R) = NO’% + ]\W_)ZIZIVLL +O|:]Vp(1_)215]2\/,bi|7

MSE(7h ) = %0(2) + %Z Z (pn“, q _1 o )VLL/]I(nLL > 0)
72 1 R
+O[N(pr+l T+1);5NL]’
MSE(75,) = —UO + ZZ ( 4 _1) ) Val(mee > 0)

ol iwm

1eCy

m' /s 1 “
+O[ﬁ<pr/+1+ TH);W Leza; 5NL]
where ny, =|(N,U{c}) NNy U{H)] mye =350 IV U{e}) NG # 0, (N U{}) N
Cr #0), m' = maxy, [{k : Ne, " Ne,, # 0}

The above MSEs are primarily determined by the first two terms. The residual term, gov-
erned by the rate at which the estimated outcome regression function converges, decays to
zero at a faster rate. Notably, the first term is shared across the MSEs of all three estimators,
which is independent of the treatment. The second term introduces a divergence in the MSEs
of these estimators, which we will explore in detail in the following corollary.

2.2. Estimation accuracy and inference in the dynamic setting. We first present the
MSEs of the ATE estimates of the parametric learning.

THEOREM S.3. Assume that either the constant design, the independent design, or the
switchback design is implemented temporally. As N — oo, we have:

M R R

~ _ 4
MSE (785) = N 'odLs = NZZZVZ’“
t=11=1v=1
MSE (75Ls) —N_la?)LSxNZ LLt+22 Z Vi + Z N, AN VE, 5,
t=1 | =1 =1 EeN, L,'=1

M m
MSE(75.5) ~ N loBrs = D000 S0 Vi 423 3 PV

t=1 j=1 | t,t'€C; L€C; L ENg;

E wLwL«n n,; )th ,
Lyl ENc
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where 0(2]3 LS represefzts the common part of the MSEs of the three estimators and w, =
g ) Yy (ni™)? for any .

From Theorem S.3, it is straightforward to establish Theorem 3.2. Now we present the
asymptotic normality of Tors and Tprr, when M remains finite.

THEOREM S.4. For models and ATE estimators discussed in this section, we have the
following asymptotic normality results:

(6.1) when conditions of Theorem S.3 hold, there exist constants v% LS vé) 1.5 VOLS
such that as N — oo, /N (vl )™ <?8LS - 7'), NS, g) ™t (%LS — ’7’) and
N(vg )t (?5 LS — 7') are asymtotically standard normal distributed.
(6.2) when the assumptions of Theorem 3.4 hold, there exist constants vY, RL> v}') RrRL' VDRI
such that as N — oo, \/N(v}p, )" (?I%RL - 7'), N(vhp) ™t (%RL - 7') and

NG p) ™t (?CD RL — 7') are asymtotically standard normal distributed.

The first conclusion is derived from the asymptotic normality of OLS estimators, while the
second is inferred from Theorem 19 in Shi et al. (2023). Consistent variance estimators can be
acquired utilizing the bootstrap method. Similar to Section 2.4, with the asymptotic normality
and consistent variance estimators, we can establish the Walt test statistics. Recalling that in
Theorem S.3 and 3.4, we have proved that the spatially randomized designs can produce
estimators with smaller MSEs. Note that the testing power decreases with MSEs. We can
deduce that spatially randomized designs can lead to testing statistics with higher powers.

3. Proofs for the Main Theorems.

3.1. Proof of Theorem S.1. We first consider the global design. Let M denote the cor-
responding design matrix

1 Ay, Of,
1 Ay, O,
1 An, OF,
The OLS estimators are given by
a, o,
(1) W= | L) T (M) e,
B, B
where e, = (e1,,...,en,) | € RVX! Under the given conditions, it is immediate to see that
1  EA4;, EO;
1 AN\ T as9 2 e T -1/2
2) ~(MOTMI= (B4, EAE EA,0] | +0, (N7,
EOZ'L EAiLOiL EOZLO;[

Since in the global randomized design, 4;, = A; Hd Bernoulli(p,) with p = 0.5, independent
of { (e, Olj)}i,j,w we have that

EAZ'L = EA?L =D, EAZ'LO“ = pEOu.
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Notice that

1 oo 1 p EO/ 1 —p—EO;, 1 0 0"
—p 107 D p pEO, 01 0 =|0p(1—p) OF
~E0;,0 I / \EO;, pEO;, EO;, 0} ) \o0" I 0 0 cov(Oy)
It follows that
-
1 p EO, \ ' [1-p-EO.\ [t ! 0 1 007
p p pEO; =01 0 0— 0f —p 107
EO;, pEO;, EO,OF 00T I p(1=p) _EO0;, 0 I
iL P i A 0 0 COV_I(O“) i
1 1
1er(IEOu) COV_I(OZ'L)EO“ T —(EO“)TCOV_I(O“)
_ 1 L P .
—— 0
1—p p(1—p)
—cov—H0;,)EO;, 0 cov1(0y,)
As such, we obtain that
1 1
) 17+(E0u) cov 1(0;,)EO;, —17 —(EO;,) covfl(Ou)
1 _ _ _
{yommar} - _ ! 07
1—p p(1—p)
—cov 1(0;,)EO;, 0 cov—1(0;)
+0, (N 1/2)

Substituting it into (1), we have

N R
—~ 1+0 AiL_p
T9=79 4 p €iy-
N ;;p(l—p) ’

Its MSE is thus given by

R
MSE(79) = Nl;(_logl))Var {Z(Au - P)en}

=1

1 +0
= 2 ZCOV{ eu, ( 7 p)eibl}

Next, we consider a special cluster-randomized design, corresponding to the individual-
randomized design. Under this design, { A;, }i, i Bernoulli(p). Let M denote

1 AlL Al./\/ O
1 AQL AQN O

1 ANL ZNNL OJ—\F,L
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Similar to (2), we have
1 E4;, EAy,  EO;
1 EA;, EA?2 EA,An EA,O,
7(MLZ)TMLZ: - e ) N, l u_l_
EOiL EAiLOiL EZL/\/LO“ EO“OZ
We next calculate these expectations. By design,
EAi, =EA} =p,, EAin, =p, EAj Ay, = (EA) (Edin,) =17,
2

EA 7E Z A” = Z Azy + Z Aij1 Aijz

+0, (N*W)

L JEN, L JEN. T1#J2:51,J2EN,
1 1—

= 72[nbp+ nb(nL - 1)]72] :p2 + u?
ny; n,

EA;,0;, = pEO;,, EA;pr 1,0i1 = pEO;,.

Notice that the OLS estimator can be expressed as

a, a,
T v T i\ T i T
il = 1o+ () i
0, 0,
B, B,
where e, = (e1,,...,en,) " € RV*! Since 7 depends on 7, and 0,, we need to calculate

the second and third rows of [N ~'(M?)T M?)~!. Using similar techniques in calculating the
inverse of (MLg )TMLg , we can show that these two rows are equal to

1 1

It follows that

N J—
—~i 7 1+ 1 Aj — J(Ai —
7}+91:%+0L+70p()§ {( Pl p)}e“

N 1-p)p  p(l1-p)

and hence the MSE of the ATE estimator 7° is given by

MSE(7)
1 AiL —D nL(ZiL - p) }
=—Var + €L
N ;{(1—p)p p(1—p)
R — _
1 Ay —p nL(AiL _p) } { Aiv —p n/L(AiL' _p) }
=—K + + €34,
N uz,zjl{(l -pp p(l-p) (I-pp  p(1-p)
1 & 2 &
7 Z VLL + Z Z LL + Z Z
NL=1 (1_ NL 1L’€Np Lt ENﬂNp

This yields the asymptotic variance of 7°.
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Next, we consider the cluster-randomized design. For any region ¢ € C;), this region and
all its neighboring regions receive the identical treatment. Similar to the global design, the
estimator for v, + 0, equals

N
14 0,(1) Ay —p
3) ,+6,+ d €ie-
! N ; (I-p)

When ¢ € 9C;, similar to the individual design, we can show that the inverse of N~*(M") T M}

is asymptotically equivalent to

_ ~1
1 EA, EAy,  EO)
E4;, EA} EAAin, A0},
EAin, EAin, Ai EAin, EAZNLO%I
EO;, EA;0; EAiNLOiL EO;,0;,

-1 T —1
1 000 1 0 0 0
_ | B4y 100 0 EAy - (EAy)?  EA Ay —EAEA;N, 07
EAZNL 010 0 EAZLZZM - EAiLEZiNL EZ“ — (EZ“)2 0
EO;, 001 0 0 0 cov(0;,)
— T
1 ]EA“ EAZNL EO“
0 1 0 0
0 0 1 0
00 0 I
—1
1 0 0 ol
ey — T (4) 1 000
1—p—p—(EO;,) n
o1 o 0" 0 pl-p) ——p(l-p) of —p 100
00 1 0 nfj) ~ p 010
00 0 I 0= —p(l—p) cov(di;) 0 —(E0;) 001
0 0 0 cov(0;,)
(k)

where for any 1 < k <m, n,”’ denotes the number of neighbouring regions that belong to
the kth cluster.
With some calculations, we can show that the second matrix on the second line equals

1 0 0 0"
i .
D LG S0 N V1 -
k k
p(1=p) Tppy(0f)? p(1=p) T2
nLnE]) n? -
0- (k)\2 (k)\2 0
p(L=p) > psi(m)? p(L=p) 3 si(n™)
0 0

0

As such, the estimator for ~y, + 6, equals

cov 1 (0;,)

N (k) ) ()
Lt op(1) §~ s (v = By ™ )
N = p-p) ()2
N (k)
L1 + 0p(1) 3 D gy M (Ai, —p)e;
2 U (2
N — Ek;ﬁj(né ))229(1 -p)
1+ 0,(1) ZN: A9 _p
N “Zp(1l-p)

v+ 0, +

:7L+0L+ €i



(k2
1 + Op(l) al Zkﬁéj nL Zkz?’é] nL ) (A(kz)

+ 3 _p)eib‘
N -1 p(1—p) Zk;&j(né ))2
Consequently,
N m 4)
14 0p(1) A —p
~c _ ¢ P 7 .

(k2)

N m
+ HO]\;’(UZZ Z Zkﬁéj Zkﬁé] nL A(k2)

) 7 - p)eiL-
i=1 j=1.1€8C; Zk;ﬁj(nf )?p(1 —p)

Its MSE is asymptotically equivalent to
()

m n Ny

1 ZLLEC VLL Zk;&’n(kl)
3Bl 25y 5 iy,

j=1 ] 1j'#51€C;/€0Cy Zk;ﬁ] (

1 Doktinga M 4 Dy ni Zk;ﬁjz "
Y Z Z Z Z (k)y2 (k))zq(k) Ve

lpmvicac,, veac,, ok (e )2aW 30, (g

This completes the proof.

3.2. Proof of Theorem 2.2. By setting g = q; = q(j) = 0.5, it follows from Theorem S.1
that

4 R
MSE (79) = < Zvu,,
1=11=
R
4
MSE w ! 7
=1 =1 eN, L'=1
4 m
MSE(?C)XNZ ST Ve +2Y Y wen?Vie+ Y wwen@nPvi
J=1 Ve L€C; L ENG; Lt €Ne;

where w, = >, ;1 )/Zk#(nb )2 for any .
According to the Cauchy Schwarz inequality, we obtain that V,,, < 0.5V,, + 0.5V, for

any ¢ and (/. Tt follows that

MSE(?) < 2?:1 VLL + Ef%:l Zue/\ﬁ (VLL + Vuu) 4 0.5 ZL,U v (VLL + VL’L’)
MSE(79) ZL,L'ZI Vi > =1 Y ZL,L’Zl Vi

L'=1

By definition, the first term on the right-hand-side (RHS) equals 1/v. By symmetry, we have
Zil Yoven Voo = Zﬁ:l > en, Vv Since |N,| =n, <r, the second term on the RHS
is upper bounded by 2r/v. Finally, consider the third term on the RHS. Similarly, by lever-
aging symmetry, the numerator is upper bounded by ZW w- i
consider the sum Zu . represents the cumulative count of neighbors
across regions within ;. Hence, it can be upper bounded by 72 / v. Combining the three
pieces together yields the desired upper bound for the ratio MSE(7") /MSE(7Y).




SUPPLEMENTARY MATERIAL 9

Next, consider the ratio MSE(7¢) /MSE(79). When w = O(1), we have wn' = O(1) for
any ¢ and j. It follows that

NMSE(7 [Z( Y Vo2 Y v+ Y nEj)nf,j)Vw)]

j=1 VeEC; LEC; VENG; Lt €Ne;
—o(Y X W)
i L,UGCjUch
The proof is hence completed.
3.3. Proof of Theorem S.2. Again, we first consider the global design. Notice that the
propensity score is correctly specified by design. According to the doubly robustness prop-

erty, the estimator is unbiased to the ATE. Consequently, its MSE equals its variance. Notice
that the ATE estimator can be represented as

- e e Mi=a)
N 22 2 von(at ZZZ{Z pat(1-p)(1—a)™

k=1 1=1teZ; k 1v=1teZy, a=0

1
So Z(_l)a+1H(AZ — a) - (1 — p)(l — a) [ﬁgk)(av a, Oi,w@i#) - ht(a’a’ OZ}H@LL)]
a=0

pa+(1-p)(1—a)

—i—Z 1)**th, aaOH,O“)}

Notice that the first term on the RHS of the first line, the second line as well as the last line
are mutually uncorrelated. As such, the MSE of the ATE estimator equals

(LYY ey i)k DA (0,0,04,,04) ~ (0,0, 01, 0,1

k=1:.=1t€T; a=0

2

N R 2
1 I(Ay=1)—-p 2,90
-HE{N;E o= p) eu} + N
With some calculations, the first term on the second line equals
1 R
—_— \a
Np(]. _p) LL/Z::l 213

It remains to show that the first line can be upper bounded by [Np(1 — p)] _1RO(Z£1 6%).
By Cauchy-Schwarz inequality, the first line is upper bounded by

ZE{Z S AR (11,0001) ~ 111,020,001}

&)

_ 2
ZE{ 0 0 Oz L,Ol L) _hL(()»OaOi,LaOi,L)]}
Notice that for each k and any ¢; # t € Zy, a € {0, 1}, the variables

% [ﬁgk) (a7 a7 Oi1,L75t17L) - hb(a7 a7 Oi17L76t17b)]

=1 tEIk

and 1;7 = [hgk) ((l, a, Oiz,Lvétz,L) - hL(a’ a, Oi27L75t27L)}
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are uncorrelated. With some calculations, it can be shown that (5) is upper bounded by
[Np(1— p)]_IRO(Zfil 6%;,)- The proof for the global design is hence completed.
We next consider the individual-randomized design. Similar to (4), the ATE estimator can
be rewritten as

N 1 —q , P,
b LS Shg e B =0 T Iy =)

prra+ (1 —p)Hr(l—a)
R K 1
i _ 1ya+l I[(Ai,L = CL) HjEM ]I(Ai,j = a) B
+NZZ Z( 1) {lernLa"‘(].—p)lJrnL(]__a) 1}

: [hL(av a, Oi,vai,L) - Egk) (CL, a, O’i,l,7 b’i,L)}v

and the three terms are mutually uncorrelated. Additionally, the variance of the first term
equals N *10%. By the definitions of n, and n,,, the variance of the second term can be
shown to be equal to

13N 1 1 1 1 1
= V,, + — { }V A(n,, > 0).
N Z {pl+nL + (]_ — p)l+nL } bt + N ; an,L/ + (1 — p)nL,L/ L (nLL )

=1

It remains to upper bound the variance of the third term. Notice that for any two regions ¢1, t2
such that N;, N N,, = (), the covariance between

1 (A, =a)]]; I(A; =a)
(k) _ 41 31 JEN, J _ ~(k) _
Zy = (;)(*1)(1 {p1+m1a T _p)11+nb1 (1-a) - 1}[hb1 (a;a,04,04) — hiy”(a,a,0,,,0,,)]

and

I(Ay, =a)[[ien. l(Aj=a) _ ~ _
(k) _ _qyat+l 2 JEN, TV B (k)
ZL2 - az:%)( 1) {p1+m2a 4 (1 _p)1+nL2 (1 _ a) 1}[hL2 (ava’ OL27 OLQ) hLQ (CI,, a)OL2a OL2)]
equals zero. Additionally, for each region ¢, the number of its neighbouring regions is
bounded by r. Consequently, the number of its neighbour’s neighbour is bounded by 2.
According to the Cauchy-Schwarz inequality, we have that

R R
Var(z Z*)) = Z Var(Z®) + Z COV(ZL(lk), fo))
=1 =1

L1 #Lz
N NN, #D

3 Var(Z") + Var(zF)

R
< ZVar(ZL(k)) + 5
=1

L1FL2
Ny (N, £0

2 & (k) r? O 2 r = 2
:O(T ;Var(ZL )):O(W;5N7L+G—W;5N’L>.

Combining this together with the analysis in (5) yields the desired upper bound for the vari-
ance of the third term. The proof for the individual-randomized design is hence completed.
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Finally, consider the cluster-randomized design. Similarly, we can decompose the ATE
estimator into the sum of three terms, given by

NZZZ 1), (a,a,0;,,0;,)

t=1i=1a=0
ii N i a+1 ZL:a)HJGN I[(A a)e‘
i
N 1=1i=1a=0 mi(a)
R K 1
1 ot I(Ai, = a) [Tjen, I(Aij = a)
+ N Z Z Z { 7¢(a) B 1}

[hL(a7 a, Oi,L76i,L) - /Hgk‘) (a'7 a, Oi,Lvéi,L)] .

Again, the variance of the first term is given by NV _lag. As for the second term, consider
two regions ¢ and ¢/. By definition, the covariance between

ey

21:(—1)“+1H(A‘:a) Mew I =) - Z o, Ay =a)[Len, I(4; =a)

2 () ()

depends on the value m,,-. Specifically, when m,,» = 0, their covariance equals 0. Otherwise,
their covariance equals [p~™ + (1 — p)~™]V,,,. Consequently, it remains to bound the
last term.

Similar to (5) it suffices to bound the variance of

ZZ Z {H(AL = a) H]e/\/ H(A = a) 1}[hb(a,a,0u6b) 7ﬁgk)(a’a70“6b)]

2 7¢(a)

for each a and k. Using Cauchy-Schwarz inequality again, its variance can be upper bounded
by

Var(3 37 269 1 avar(3" Y )

k=1.eC? k=1.€8Cy,

For any two regions ¢,/ € CY, both these regions and their neighbours receive the same
treatment assignment. On the contrary, for any ¢« € C? and ./ € CJ, such that k # £/, the two
regions and their neighbours receive independent treatments. As such, the first term is given
by

2 Z Var Z Z
LeCy

which can be upper bounded by O(p~" (1 — p)~' 32}, G 32, cc0 0%, ), according to the
Cauchy-Schwarz inequality.

As for the second term, using Cauchy-Schwarz inequality again, we can show that it is
upper bounded by

QZVar Z Z Z cov( Z ZL(avkl)7 Z ZL(a,kz))

L€DC;, ker ks LEDCK, LEDCk,
Ney, We,, #

<2Z]8Ck\ Z Var(Z@*) + 2m/ Z|8Ck] Z Var(Z,

LG@Ck LEBCk
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This together with the definition of 5]2\“ and 7’ yields the desired result. The proof is hence
completed.

3.4. Proof of Theorem 2.4. According to Theorem S.2, to establish the first assertion, it
suffices to establish an upper bound for

SR o2y, YL, 2 TV, (e > 0)
R = .
4 ZL,L’:l Vi 4 ZL,lel Vi

Under the condition that n, < r, the first term is upper bounded by 2" /v. As for the second
term, by symmetry and Cauchy-Schwarz inequality, we obtain that

S 2%V 1y > 0) o S 2 VA Vo)l > 0) 3y 2 =1V, I(n,, > 0)

R - R R
4ZL,L':1 VLL/ 4ZL,L/:1 VLL/ L,Llil VLL/

Consider a given ¢. The set of regions {¢’ : n,,, > 0} include its neighbours N, as well as
its neighbours’ neighbours. Consequently, the cardinality of this set is upper bounded by
(r + 1)r. Meanwhile, by definition, n,, is upper bounded by min(n,,n, ) < r + 1. This
yields the following upper bound for the second term: v~ 1r(r + 1)27. Combining this with
the upper bound of the first term proves the first assertion.

Next, consider the second assertion. Similarly, it suffices to establish an upper bound for

S, 2me 1V, I (myy > 0)
R
4 ZL,L/:l VLL’

9

or
Yo 2V, I(my, > 0)
4 Zfﬂ:l V“/

by Cauchy-Schwatrz inequality. Denote N° = N, U {¢}.
Then we have

(6)

)

> 2V, I (myy > 0)

Lyt
< Z V.. -O(er) + Z V., -2" -crr..
LER/Rl LER4

This completes the proof.

3.5. Proof of Proposition 2. The IE is

T—1 T—1

M R
>80 | 1T By | Tu+0u)

T=1:1=1 k=1 \j=k+1

M R t-1 T—1
=222 0 1I Bs | {Tu+06u}
7=11=1 k=1 j=k+1

M R T—1
=300 > A | T B p{reros)

k=1:=1 | r=k+1 j=k+1
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3.6. Proofs of Theorem S.3. For conciseness, we denote T = Tprs. Denote bgt =

M k—1 t—1 t .
Sontii1 B 5z Bujys Buje = [1j—iyy Bue and [[_; By = 1 if t < k, and Cyy =
J17#3

Zt ! ]BLJtFngajt, which are parameters to describe accumulated effects due to the indirect
effects We also introduce the following noise quantity,

g9 9
Vijt = b EiLj]-_‘Lt + IBthFLteiLj-

Lyt
1. MSE(79).
Denote
1 Alt OlLt
Mg _ ]. A2t O2Lt
The OLS coefficient estimates are
(Efit i 1 T N 1 T
T | = |+ (A TME) () e,
N N
/BLt 5bt

—1
(Aat FLt BLt) (Abt FLt Bbt) + EIML% ((Mgf)TML%) ’

where .t = (€144, ..., enuit) | €ERVN*Vand B,y = (B, ..., Eny) " € RVXY, We remark that
as 79 is derived based on the OLS estimates, and the key problem is to calculate the inverse
of the Gram matrix.

From (14), we can derive that fori=1,...,N,.=1,--- /R, t=1,..., M,

t—1
(7) Oibt - A*t 1 + IBLOtOul + Z IBL]tFL] Az] + Ei*’b,t—l
7j=1

where B, j; = Hk —it1Buks A, = 22':1 B,jtA,; and Ef 1= Zt L 1B,jtE,j. By Large
Number Theorem,

1 EAu EOL

1
N(Mg)TMg: EA; EAZ IETAZtOM 10, <N71/2>_
EOiLt EAitOiLt EOutOu

Recall that given ¢, A d Bernoulli(p), corr(A;, A;) = ay which are independent of
{(eit, ;) }Yi.t- Denote
O}y =Bt (0i1 —EOin) + By, St = Var(Og,) .

Then direct algebra gives

1 —1 * *
{N(MLgt)TMLgt} = _% CLt SuEO; ( ) + CLt S:Cy CL—trSLt + Op (N_I/Q) .
- LtEO’LLt SLtCLt SLt

Then
(:Y\gt + 5§’TF‘Z) - (%t CTFQ)
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M
~ ~ T
< (3% =) +Ci (T4 —1%) + > (B Bu)Th+ > (B —6ir) Burll,

Jj=t+1 T=t+1

1
=< { <( =+ CL—lt—SLtCLt> (AZt — p) — CL—tFSLt(OiLt - Eout)} Uit

p(1—p)
®)
M
+ > {Sik(Oik = EOiuk) — SuCu(Ask — p)} ' virk,
k=t+1
where bj;k Zi\ijﬂ B TT5Zks: B.j,. Denote
J17#3
UOLS = Var Z ut { LtCLtuZLt + Z Sbkvukt }] .
t=1 1=1 k=t+1
Then we have
MSE (7/:9) — U%LS
t—1
<E Z Z ( 7+ Cu Swat> (Ait =p) = CiSu Y Byl (A = p) ¢ it
t=1 1=1 j=1
T
M M R k—1
+3 0> D Sy Bl (A —p) = SuCur(Ai —p) vk
t=1k=t+1 1=1 j=1

Note that u; depends on e;, Fj; and v depends on e;x, Fj . By the temporal in-
dependence of noises, we known that for ¢ # ',k # k' and k > t, cov(uj,uir) = 0,
cov( Vi, Uik ) = 0 and cov(u;, vi,,) = 0. Hence

M R R 2
MSE (79) — 0% < > E (ZMﬁLtum> +Z Z {Z M)T"’“’“} :

t=1 =1 t=1 k=t+1 =1
where
Miq,Lt - (p(l —p) + CLt SLtCLt) (Azt _p) SLt Zt ! BL]trfj(Aij _p)7
M = Sk Zk !B, il (Aij = p) — Sk Cur(Aik — p).
2. MSE(7TY).
Similarly, in model (13), we can derive that fort=1,...,N,.:=1,--- /R, t=1,..., M,
t—1
Ot = Aj 41+ BouOin + Z Bt (TijAuj + O Ain ) + Ef, 14
j=1

where A7, ;| = ZFl B,j:A,; and Bl 1= Zj,l B,j+E,;. Denote

1 Ay Aine Oht

1 A2 AQN O
MLt _ ot t 2t

1 ANLt ZN/\th O]—\F[Lt
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Then we have

1 EAiLt EZZ/\/ t EOT

ut
EA;.: EA? EAthA’LNt EAutO

1 4
fMTML — - B it +0 N71/2
N T B A EA A EAZ- vt EA; Ntom P ( >

EOi: EA;Oin EZthO’L'Lt Eoutou
In the following, when A;,; follows the individual-randomized design, we denote the above

matrix as N1 (M) " M%; when A;,; follows the cluster-randomized design, we denote the
above matrix as N (M) M¢. Further denote

-1 -1
Crut= E B jiljaje, Crue= E B,;iOaj;.
Jj=1 Jj=1

Note that C,; = C1,+ + C2,,¢. Then it holds that

1 o -1
{N<Mzt> |

* * * *
. + Cl v tSLtEOut p(l D) + 02 LtSLtC2 it C;—LtSLtC].Lt CIL7tSLt
N *Tp + CQ7L’tSLtE0u CQ’LtSLtclLt p(l p) + 02 LtSLtC2Lt C;:LJSLt
- LtEO?Lt - LtCLL,t _SLtCQ,L,t SLt
+0, (N—l/ 2) .

With these preliminaries, we have
" T
(’YZt + Fft) - (%t + Clrbt)

= (%‘t — Yt + é\ft 9Lt) + CLt ( i~ Lu+ éft - ebt)

M
. . T
+ Z bLJt( b~ )FLgH‘ Z (ﬁfr—ﬁw> B, 1Y,
Jj=t+1 T=t+1
1

= ( + C;SLtCI,Lt) (Ait — P)uist
p(1—p)

n, _
+ { ﬁ + CLt S1tCa Lt) (AiLt - p) - C;Su‘/ (Oibt - EOiLt) } Uit

M
T
&) + Z {SLk(Ouk - EOuk‘) - SLkCLLt (AiLk _p) SLkCZ Lt( ik — } Uikt
k=t+1

Then we have

M R 2 M M R 2
MSE (7) — 05 < Z (ZMiLtuut> +ZZE{Z(M5,Lk)TUiLk},

=1 =1 t=1 k=t+1 =1

where

MiLt - (ﬁ + C;trSLtCI,Lt> (Aibt ) C;trSLt Zt ! ]BL]tFLj(AiLj - p)

* (ﬁ * C;S”CQ’“) (Aut =) = Ct Sut 32571 Buje©u (Aij — ),
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2 kT Lk Z b ]BLJkFLj(AiLj - p) - SLtCLLt(AiLk - p)
+Sbk Zk ! IBL]k@Lj (Zil,j - P) - SLkC2,Lk (Zuk - p)'

3. MSE(7).

For unit ¢ € CO Vi + GL,; +¢57 (T + ©¢,) has the same expression as the global ran-

domized design as in (8). We now derive the expression of 77, + Gft + ¢ (fft + (:)ft) for

L€ 9Cj,.
Denote

n,=mn, 1n(ﬁ —n*2z

Then we compute the inverse of N1 (M¢) " M,

Lo}

* * * *

— b= L “r Cl L tSLtEO“t C Cn p(l p) + Cl LtSLtCI wt C 77 p(l —p) + 02 LtSLtCht CIL,tSLt

- &
= 1 S
5—77 —p+02,L,tSLtEOz C — p(l —p) + Oyt SutCrt [ 77 p(1-p) + Oy uSuCou =05,
_SLtEO?Lt _Sl,tcl,L,t SLtC2vat Su
+0, (N -V 2) :
This gives

. T
(’th +¢; Fft) - <%t + CLTtFLt>

[ 1
- { <<C'2 —:’7 pi-p) CISLtCl’“) (i =)

1—n, 1 —
+ <<2 _737 p(l — p) + C;SLtCZLt) (Aut - p) - CL—lt—SLt(OiLt - EOZLt)} Uiyt

M
— T
=+ E {SLk(Ouk - EOuk) - Sbkcl,bt(AiLk‘ - p) - SLkCQ,Lt(AiLk - p)} Viukt -
k=t+1

Then we have

M m m
MSE (7°) = 0drs = > E| > > Mf, i+ Y > M{ i
t=1

jczl LEBC]'C chl LEC]?C

+ZZE Z Z M2Lk UZLk+ZZ QLk Uuk s

t=1k=t+1 | jo=1.€0C,, je=1.1€C2,

MlCLt <<2 Z p(l ) * CLt SuC1 Lt) (A(JC) - ) CL—trSLt Zt ! ]BL]tFLj(Az(gC) _p)

+ ( LR ) + CLt S tCZ Lt> (Aut _p) SLt Zt ! IBL]t@Lj (an _p)‘

¢Z—n, p(l -p
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4. Results in temporal fixed, randomized and switchback designs.

The temporal fixed, randomized and switchback designs correspond to a;r = 1,0 and
(—1)1=*, respectively. In these three designs, we have a;;; — ajaj; = 0, which gives

N{MSE ( — GOLS} Z Z Eu’htuiﬂta

t=11,/= 1

M R n,

N{MSE ( — UOLS} Z Z Euut +2 Z Z ﬁEuutuu’t

=1 =17 =1 =1 pii—p

+ z Z Euutuu’ty
t=1 Nﬂ/\/’;ﬁ@

N{MSE (7) — 03,4} = ZZ Eumummzzz z ”“” Eu“tuu/t

t131 t=1 j= 1LECL€NC

(j)
wwyn?
+ZZ:Z — o) Bt
t=1 j= lL,L’GNc
This completes the proof.
3.7. Proof of Theorem 3.4. Denote J,; = (Ou, A, m, (0, Ay)) and m,(Ay) =
N, |7t > ken;, Akt- According to Liu et al. (2018) and Uehara, Huang and Jiang (2020),

—~a,(k ~a,(k _ —~a,(k ~a,(k
175" = 121 Q%™ = Qaillz = 0p(N72), 175" — |2 = 0,(1). and Q™ — Q%12 =
op(1) hold for 1 < < R,1<t< M, and 1 <k < K. Under the global randomized design,

1 _ 1{At: 1}
= A = 1) + (1—p) (A =0} - A=)

Under the spatially randomized design,

My = W{Abt =1,m,(A¢) =1}.

Note that in both designs, {7;% }1<k<: is independent of O;. From p.45 of the supplement of
Kallus and Uehara (2020), Tpry, attains the following semiparametric efficiency bound

R
Var [Z(QLl(]‘RM) —Q,1(0Rnr))
=1

+ Z Z{m i+ Q1 (XL 1) — Qe (X)) — pp (Vi + Q) 411 (X4 41) — Q%(Xw))}]

t=1.=1

R
=Var { > (Qu(lrar) — QLl(ORM))}

=1

T R
+>°E <Var [Z{u}tm% F Q1 (X 1) = QX)) — i (V2 + QF 1 (XD e11) — QU (X))} Tt

t=0 =1

)
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The second term equals

T
Z E (Var
t=0

R
Z {(ly — 10) (Vi + Qjes1 (Xup41) — Que( X)) } ‘Z,t] )
=1

_ZE Z Mjlat - /'L.?lyt)(u;z,t - /‘1’92,15>le7j2,t

J1,J2

- ZE Z njl,t - 77;)1,15)(77]1'2,15 - 77?2,16) le,jz,“

Ji.J2

where éjl Jja,t = Wy, wj, C}, j, . where the last equation is obtained by the fact that the design
is independent of the measurement errors. Under the global randomized design,

E Z(Tlgl‘l,t - W?l,t)(%lg,t - U?Q,t) Cii ot

Ji:J2
1 1 | 5
£0 Y (=1 - o {0=0)) { G
J1,J2
1 1 ~
= ()3 Cun
(54 75) 5 o

J1,J2

For the spatio-random design,

E Z(ﬁgl‘l,t - 77?1 ,t)(77;1'2,t - U?Q,t) Ci st

J1,J2

1 _ 1 _
=E{ > (W{%,t =1,mj (a;) =1} - m{%,t =0,mj, (ar) = 0})

12 p

1 _ _
<p"jz+1{aj27t - 17mj2 (at) = 1} - (1 —l—p)"” 1{ Ja,t O7mj2 (at) - 0}> } thjzi

_ 1 _
- Z ( 15, +1 {a]h 1amj1 (a’t) = 1} - m{ajl,t = O’mjl (a’t) = O}>
J1#52

p

1 _ 1 _
B <pni2+1{aj27t = 1’mj2 (at) = 1} - n,,+1 {ajzﬂf = Oamjz (at) 0}> J1,J2,t

(1 —p)ra

1 2
+ZE( n+1{a]t 1,mb(at):1}H)mﬂ{aj,t:(),mb(at):%) CLt

1 1 ~
Z < n, +1 p)n,,—l—l) Lt Z ( (1 —p)”%/) Cout-

=1 vF#L
NN, #0

This completes the proof.
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Fig 1:  The figure illustrates the MSE ratios MSE(7")/MSE(79) (solid lines) and
MSE(7¢)/MSE(79) with ¢ = 9 (dashed lines) across three distinct scenarios: Panel (a) corresponds
to Example 1, Panel (b) to Example 2, and Panel (c) to Example 2. The urban area is segmented into
uniform squares with = 4, and the total number of regions R spans from 50 to 300. The black, blue,
and red lines represent the MSE ratios for hyperparameter p values of 0.3, 0.6, and 0.9, respectively,
as detailed in Examples 1-3.

4. Additional Noise Structures and Simulations.

4.1. Typical examples. We first use three examples to show that spatially randomized
designs generally yield estimators with lower MSEs compared to the global design in the
nondynamic settings; see also Figure 1 for numerical comparisons. The superiority of the
spatially randomized designs becomes increasingly significant with large R.

EXAMPLE. (Exchangeable) There exists some constant 0 < p < 1 such thatcov(e,, e, ) =
I(c =) + pI(¢ # ). Then, we have MSE (7¢) /MSE (79) < (r + 1)%/[1 + p(R — 1)].

EXAMPLE. (Exponential-decay) Let (x,,7,) € (0,1)? denote the coordinates of the cen-

ter of the uth region after scaling. Additionally, let d,,, = {(z, — z,/)* + (y, — y,)Q}l/ 2 /2
denote the spatial distance between (x,,y,) and (z,,y,). Assume there exists some
0 < p < 1 such that cov(e,, e, ) = p% . Then, there exists some 0 < § < v/2 such that
MSE (7/) /MSE (79) < (1 +7)2/[1 + (R — 1)°).

EXAMPLE. (d-dependent) There exist some constant 0 < p < 1 such that cov(e,,e,/) =
(=) + (p— “ZEDI(|e — /| < pR). Then, we have MSE (7%) /MSE (79) < (1 +7)2/[1 +
(1—-p)p°R].

To see why the above conclusions hold, it suffices to provide a lower bound for v to obtain
an upper bound for the ratio MSE (7) /MSE (79). Then

1. In the exchangeable case, we have

R+RR-1
1/:_|_(R)p:1+(R—1)p.

2. In the exponential-decay case, we have

. R+ ZL#L/ pd“, > R+ R(R — 1),0(S

=1 —1)p°
7 > 7 +(R—-1)p°%

14

where 0 = max, s d, .
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3. Note that #{(¢,¢") : |t — /| =k} = 2(R — k). In the d-dependent case, we have

R+> .,V R+5 ijle(R—k)-(p—k/R) o
= = — > —
v 14+2(1—p) kE:1(p k/R)
=14 (1—p)p°R.

4.2. Simulation results. Then we present more estimation results of single-stage case.
The coefficients and spatial configurations are the same as Section 4.1 in the main context.
The empirical MSE ratios in the parametric regression and semiparametric regression when
there is no interference with the noise taking the covariance structure of Example 1-3 are
shown in Tables 1 and 2. Results for interference-existing case are shown in Tables 3 and 4.

TABLE 1
Empirical values of 11 = MSE(7") /MSE(79) and ro = MSE(7%)/MSE(7Y) in the parametric regression of
nondynamic stage without interference.

Example 1 Example 2 Example 3

r| p |ratio | R=36 | R=64 | R=144 | R=36 | R=64 | R=144 | R=36 | R=64 | R=144
T 0.031 0.016 0.009 0.028 0.015 0.008 0.045 0.020 0.013
09 | ro 0.229 0.128 0.062 0.229 0.129 0.061 0.259 0.140 0.073
1 0.049 0.020 0.014 0.032 0.015 0.010 0.100 0.043 0.026
06 | o 0.254 0.126 0.070 0.253 0.132 0.068 0.408 0.215 0.117
3 1 0.097 0.038 0.028 0.040 0.016 0.012 0.340 0.156 0.098
03| 7o 0.295 0.132 0.082 0.288 0.142 0.079 0.826 0.419 0.256
1 0.031 0.016 0.009 0.028 0.015 0.008 0.045 0.020 0.013
09 | ro 0.229 0.128 0.062 0.229 0.129 0.061 0.259 0.140 0.073
1 0.049 0.020 0.014 0.032 0.015 0.010 0.100 0.043 0.026
06 | 7T 0.254 0.126 0.070 0.253 0.132 0.068 0.408 0.215 0.117
4 T 0.097 0.038 0.028 0.040 0.016 0.012 0.340 0.156 0.098
03| 7 0.295 0.132 0.082 0.288 0.142 0.079 0.826 0.419 0.256
T 0.031 0.016 0.009 0.028 0.015 0.008 0.045 0.020 0.013
09 | 7 0.229 0.128 0.062 0.229 0.129 0.061 0.259 0.140 0.073
T 0.049 0.020 0.014 0.032 0.015 0.010 0.100 0.043 0.026
06 | 2 0.254 0.126 0.070 0.253 0.132 0.068 0.408 0.215 0.117
6 T 0.097 0.038 0.028 0.040 0.016 0.012 0.340 0.156 0.098
03| 7o 0.295 0.132 0.082 0.288 0.142 0.079 0.826 0.419 0.256

For the inference performances, we present the following results:

(1) Note that the inference results of the parametric regression and semiparametric regression
when there exists interference with noise covariance in Example 2 are plotted in Figure 3
of the main context. We show the corresponding results when there is no interference in
Figure 2 below.

(2) Then we present the inference results of the parametric regression when the noise takes
the covariance structure of Example 1 and 3 in Figure 3-4.

(3) Finally we present the inference results of the semiparametric regression when the noise
takes the covariance structure of Example 1 and 3 in Figure 3-4.
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TABLE 2
Empirical values of 11 = MSE(?bR)/MSE(?%R) and ro = MSE(?BR)/MSE(?%R) in the nonparametric
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Example 1 Example 2 Example 3

r| p |ratio | R=36 | R=64 | R=144 | R=36 | R=64 | R=144 | R=36 | R=64 | R=144
1 0.028 0.013 0.008 0.026 0.012 0.008 0.040 0.017 0.011

09 | ro 0.126 0.072 0.044 0.122 0.075 0.042 0.244 0.107 0.064

1 0.044 0.018 0.012 0.030 0.013 0.009 0.089 0.036 0.022

06 | 0.148 0.077 0.049 0.132 0.080 0.045 0.384 0.171 0.102

3 2] 0.093 0.037 0.023 0.038 0.016 0.010 0.290 0.126 0.077
03| 7o 0.188 0.097 0.060 0.150 0.089 0.050 0.789 0.350 0.240

2] 0.035 0.014 0.008 0.033 0.013 0.008 0.051 0.019 0.011

09 | 7o 0.288 0.114 0.061 0.276 0.116 0.059 0.334 0.119 0.064

1 0.054 0.020 0.012 0.037 0.014 0.009 0.113 0.040 0.023

0.6 | 72 0.390 0.128 0.069 0.310 0.124 0.064 0.581 0.199 0.104

4 2l 0.113 0.040 0.023 0.047 0.017 0.010 0.359 0.136 0.081
03| 7o 0.675 0.183 0.092 0.378 0.141 0.074 1.477 0.445 0.251

1 0.029 0.013 0.008 0.027 0.013 0.008 0.041 0.018 0.011

09 | 7o 0.203 0.100 0.054 0.198 0.104 0.052 0.265 0.110 0.063

1 0.045 0.018 0.012 0.031 0.013 0.008 0.091 0.038 0.022

06 | 7o 0.251 0.104 0.061 0.219 0.112 0.058 0.426 0.178 0.100

6 2] 0.094 0.038 0.023 0.039 0.016 0.010 0.293 0.128 0.078
03 | 7o 0.368 0.129 0.076 0.259 0.127 0.068 0.945 0.375 0.237

TABLE 3

Empirical values of r| = MSE(?i)/MSE(?g) and r9 = MSE(T€) /MSE(7Y) in the parametric regression of
nondynamic stage with interference.

Example 1 Example 2 Example 3

r| p |ratio | R=36 | R=64 | R=144 | R=36 | R=64 | R=144 | R=36 | R=64 | R=144
1 0.366 0.211 0.121 0.360 0.214 0.117 0.420 0.226 0.142

09 | r 0.525 0.367 0.188 0.522 0.370 0.185 0.572 0.396 0.210

1 0.417 0.204 0.151 0.379 0.200 0.134 0.693 0.356 0.238

06 | 7o 0.569 0.347 0.203 0.554 0.361 0.196 0.817 0.531 0.294

3 T 0.556 0.244 0.208 0.421 0.195 0.155 1.454 0.846 0.625
03| 7o 0.626 0.340 0.222 0.593 0.361 0.212 1.101 0.873 0.588

T 0.552 0.308 0.191 0.544 0.316 0.187 0.658 0.321 0.227

09 | 7o 0.641 0.456 0.250 0.641 0.457 0.246 0.723 0.469 0.286

T 0.623 0.300 0.232 0.582 0.306 0.219 1.015 0.501 0.374

06 | o 0.694 0.444 0.273 0.690 0.460 0.272 0.956 0.663 0.406

4 1 0.815 0.365 0.302 0.661 0.319 0.259 2.167 1.191 0.883
03| 7o 0.762 0.454 0.300 0.759 0.485 0.309 1.306 0.984 0.64

T 1.006 0.562 0.358 0.982 0.577 0.357 1.182 0.585 0.415

09 | ro 0.675 0.491 0.274 0.674 0.493 0.271 0.762 0.510 0.316

1 1.120 0.530 0.413 1.042 0.557 0.413 1.779 0.881 0.653

0.6 | 72 0.729 0.478 0.300 0.724 0.497 0.298 0.98 0.708 0.448

6 T 1.395 0.594 0.499 1.171 0.577 0.485 3.512 1.877 1.339
03| 7o 0.801 0.488 0.326 0.795 0.524 0.339 1.308 1.014 0.667
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TABLE 4
Empirical values of 11 = MSE(?}DR)/MSE(?%R) andro = MSE(’FBR)/MSE(?%R) in the nonparametric
regression of nondynamic stage with interference.

Example 1 Example 2 Example 3

r| p |ratio | R=36 | R=64 | R=144 | R=36 | R=64 | R=144 | R=36 | R=64 | R=144
2] 0.188 0.103 0.065 0.186 0.103 0.062 0.223 0.125 0.078
09 | 7o 0.315 0.156 0.092 0.306 0.163 0.089 0.359 0.170 0.108
1 0.236 0.116 0.079 0.202 0.106 0.068 0.403 0.212 0.138
06 | ro 0.363 0.160 0.101 0.331 0.173 0.095 0.533 0.258 0.160
3 2] 0.379 0.175 0.111 0.239 0.118 0.079 0.975 0.550 0.357
03 | m 0.448 0.189 0.119 0.378 0.192 0.107 0.874 0.479 0.343
1 0.362 0.170 0.100 0.352 0.165 0.096 0.482 0.214 0.123
09 | ro 0.452 0.192 0.105 0.438 0.199 0.102 0.548 0.212 0.122
2] 0.465 0.204 0.122 0.382 0.175 0.107 0.854 0.373 0.212
0.6 | 72 0.564 0.204 0.116 0.484 0.214 0.111 0.881 0.339 0.184
4 1 0.799 0.316 0.172 0.459 0.204 0.127 2212 0.898 0.539
03| 7o 0.843 0.259 0.139 0.576 0.244 0.129 2.052 0.717 0.393
2] 0.297 0.141 0.083 0.286 0.138 0.080 0.380 0.174 0.103
09 | 7o 0.373 0.182 0.105 0.363 0.190 0.102 0.435 0.198 0.121
2] 0.381 0.172 0.101 0.316 0.153 0.090 0.682 0.290 0.181
06 | 7o 0.440 0.188 0.115 0.399 0.203 0.111 0.627 0.303 0.179
6 1 0.625 0.265 0.141 0.385 0.185 0.107 1.714 0.742 0.493
03| 7o 0.579 0.225 0.135 0.466 0.231 0.129 1.166 0.598 0.373
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Fig 2: Rejection probability in the nonparametric regression of nondynamic setting under different
relative improvements of the new policy. The red, blue and black lines represent to the individual-,
cluster and global-randomized designs, with R = 144,81, 36 in solid, dashed and dotted lines, re-
spectively. The three rows of panels correspond to » = 6,4, 3, and the three columns correspond to
p=0.9,0.6,0.3, respectively.
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Fig 3: Rejection probability in the parametric regression of single-stage case with and without inter-
ference when the noise takes the covariance structure of Example 1, and the relative improvement of
the new policy ranges from 0% to 2.0%. The red lines represents the individual-randomized design
and the blues ones are the results of the cluster-randomized design, with the black ones corresponding
to the global randomized design. The number of regions R = 144, 81, 36 are plotted in solid, dashed
and dotted lines, respectively. The three rows of panels correspond to r = 6, 4, 3, and the three columns
correspond to p = 0.9,0.6, 0.3, respectively.
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Fig 4: Rejection probability in the parametric regression of single-stage case with and without inter-
ference when the noise takes the covariance structure of Example 3, and the relative improvement of
the new policy ranges from 0% to 2.0%. The red lines represents the individual-randomized design
and the blues ones are the results of the cluster-randomized design, with the black ones corresponding
to the global randomized design. The number of regions R = 144,81, 36 are plotted in solid, dashed
and dotted lines, respectively. The three rows of panels correspond to r = 6, 4, 3, and the three columns
correspond to p = 0.9,0.6, 0.3, respectively.



24

With Interference Without Interference
@« | <
o o
© k=1
D, 7 2, 7
2 < 2 <
a o o o
o o
[SE o
@« | <
o o
© ©
D 7 2, 7
o< 2 <
a © a o
o o
[Sha o
[se] ©
o 7 S
© ©
2 7 2 7
2 < 2 <
a < a o
o | o |
oS T T T T T T T T T T T T © T T T T T T T T T T T T
00 05 10 1500 05 1.0 1500 05 1.0 15 00 05 10 1500 05 10 1500 05 1.0 15
effect(%) effect(%) effect(%) effect(%) effect(%) effect(%)

Fig 5: Rejection probability in the nonparametric regression of single-stage case when the relative
improvement of the new policy is 0%, 0.25%,0.5%,0.75%,1.0%,1.25% and 1.5%, and the noise
takes the covariance structure of Example 1. The red, blue and black lines represent to the individual-,
cluster and global-randomized designs, with R = 144,81,36 in solid, dashed and dotted lines, re-
spectively. The three rows of panels correspond to r = 6,4, 3, and the three columns correspond to
p=10.9,0.6,0.3, respectively.
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Fig 6: Rejection probability in the nonparametric regression of single-stage case when the relative
improvement of the new policy is 0%, 0.25%,0.5%,0.75%,1.0%,1.25% and 1.5%, and the noise
takes the covariance structure of Example 3. The red, blue and black lines represent to the individual-,
cluster and global-randomized designs, with R = 144,81, 36 in solid, dashed and dotted lines, re-
spectively. The three rows of panels correspond to » = 6,4, 3, and the three columns correspond to
p=10.9,0.6,0.3, respectively.
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